Via the hierarchy of correlations, we study strongly interacting fermions on a lattice and derive a quantum Boltzmann equation describing their relaxation dynamics. Interestingly, in the strongcoupling limit, collisions between particles and holes dominate over particle-particle and hole-hole collisions -in stark contrast to weakly interacting systems. Therefore, the relaxation towards equilibrium strongly depends on what kind of excitations (particles or holes or both) are present.
Introduction
The laws of thermodynamics are very powerful tools in physics with far reaching consequences. However, understanding the microscopic origin of thermal behavior can be a very challenging question -which is also the origin of the famous debate between Loschmidt and Boltzmann [1, 2] . For classical many-body systems, the relaxation to a thermal equilibrium state is typically understood in terms of an effective description in the form of a Boltzmann equation [3] . When and where such an effective description is adequate can still be a nontrivial question [4] [5] [6] , related to the BBGKY hierarchy [7] [8] [9] and chaotic versus integrable behavior etc.
For quantum many-body systems, the question of whether and how these systems relax to a thermal equilibrium state can be even more involved and is being widely discussed in the literature [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . As effects such as many-body localization [25] [26] [27] or pre-thermalization [28] [29] [30] indicate, the naive expectation that such systems thermalize directly on time scales set by the typical strength of the interaction can be quite misleading.
The thermalization of weakly interacting quantum many-body systems is typically understood in terms of a quantum version of the Boltzmann equation, derived by means of suitable approximation schemes such as the Born-Markov approximation [31] . For strong interactions, however, we are just beginning to understand whether and how these systems thermalize. There are several investigations for one-dimensional systems, see, e.g., [32] [33] [34] [35] [36] [37] [38] . However, due to energy and momentum conservation and potential further conservation laws (chaotic versus integrable behavior), the relaxation dynamics in one dimension displays peculiar features and is qualitatively different from that in higher dimensions. Thus, these one-dimensional systems are of limited help for understanding higher dimensional systems.
In order to start filling this gap, we consider a simple yet generic model of strongly interacting fermions on a general regular lattice in higher dimensions. Via the hierarchy of correlations, we obtain the relavant quasiparticle excitations as well as their dispersion relation and their interactions, which allows us to derive a quantum Boltzmann equation in momentum space (assuming spatially homogeneous global excitations).
The Model We consider spin-less fermions [39, 40] which move on a lattice given by the hopping matrix J µν and repel each other via the Coulomb matrix V µν
As usual,ĉ † µ andĉ ν are the fermionic creation and annihilation operators for the lattice sites µ and ν with the corresponding number operatorsn µ =ĉ † µĉµ . Furthermore, Z denotes the coordination number of the translationally invariant lattice, i.e., the number of nearest neighbors. In the following, we consider nearest-neighbor interaction and tunneling for simplicity, but our results can be generalized in a straight forward manner.
In the limit of small interactions V µν , the ground state of (1) can be described by a Fermi gas and is thus metallic for 0 < n µ < 1. For large interactions V µν , however, the structure of the ground state changes. Assuming half filling and a bi-partite lattice, we have a spontaneous breaking of the translational symmetry where one sub-lattice is occupied while the other sub-lattice is empty (up to small virtual tunneling corrections), which is usually referred to as a charge density wave -quite analogous to the famous Mott insulator state in the Fermi-Hubbard model, see, e.g., [41] .
Weak Interactions Let us start by briefly recapitulating the conventional derivation of the Boltzmann equation in the limit of weak interactions, see, e.g., [42] . After a spatial Fourier transformĉ µ →ĉ k , the relevant distribution functions f k are just the occupation numbers per mode k and their time derivative reads according to (1) V q , their time derivative reads
Abbreviating these four-momentum correlators by C kpq , the above equation can be cast into the simple form i∂ t C kpq = Ω kpq C kpq − S kpq with the source term S kpq containing the distribution functions f k . Formally, this linear equation has the retarded solution
In order to arrive at the Boltzmann equation which is local in time, we now employ the Markov approximation S kpq (t ) ≈ S kpq (t) in the above integrand, which can be motivated by the fact that the distribution functions are slowly varying. Then (4) can be solved approximately
where the infinitesimal convergence factor ε > 0 is inserted in order to pick out the retarded solution. As usual, the limit ε ↓ 0 yields the principal value plus a delta distribution. The principal value corresponds to the adiabatic solution of i∂ t C kpq = Ω kpq C kpq − S kpq ≈ 0, while the delta distribution contributes at Ω kpq = 0 where adiabaticity breaks down. This is the term which generates the Boltzmann collision term, where Ω kpq = 0 corresponds to energy conservation. Inserting the approximate solution (5) back into (2) yields the well-known Boltzmann equation (see, e.g., [42] )
Here q denotes the momentum transfer, i.e., particles with initial momenta k and p collide and are scattered to the final momenta k − q and p + q or vice versa. The delta distribution in the second line represents energy conservation in such a collision process and the factor in the first line yields the differential cross section. As is well known, this equation respects various conservations laws (energy, momentum, probability etc.) and consistency conditions (such as the crossing relation) and has far reaching consequences such as the H-theorem, see, e.g., [43] . Hierarchy of Correlations In the above derivation, we exploited the assumption of weak interaction in two ways: first, by employing a perturbative expansion in V µν in equation (3) , and, second, by applying the Markov approximation (5) . This approximation is based on the separation of time scales, i.e., the distribution functions f k are slowly varying (on a time scale set by V µν ) in comparison to the rapid oscillations in (4) with the frequencies Ω kpq which are set by J µν . For strong interactions, this procedure is no longer applicable and thus one has to find an alternative approach.
Here, we employ the hierarchy of correlations [44] [45] [46] [47] [48] [49] [50] and consider the reduced density matricesρ µ for one site andρ µν for two sites etc. After splitting off the correlations viaρ corr µν =ρ µν −ρ µρν and so on, we obtain the following hierarchy of evolution equations [44] ∂ tρµ = f 1 (ρ ν ,ρ corr µν ) ,
∂ tρ
corr
and in complete analogy for the higher correlators.
In order to truncate this infinite set of recursive equations, we exploit the hierarchy of correlations in the formal limit of large coordination numbers Z → ∞. With the arguments outlined in [44] , it can be shown that the two-site correlations are suppressed viaρ corr
Furthermore, the three-site correlators are suppressed even stronger viaρ corr µνσ = O(1/Z 2 ), and so on. This hierarchy of correlations facilitates the following iterative approximation scheme: To zeroth order in 1/Z, we may approximate (7) via ∂ tρµ ≈ f 1 (ρ ν , 0) which yields the mean-field solutionρ 0 µ . As the next step, we may insert this solutionρ 0 µ into (8) and obtain to first order in 1/Z the approximation ∂ tρ corr µν ≈ f 2 (ρ 0 ν ,ρ corr µν , 0) which gives a set of linear and inhomogeneous equations for the two-point correlationsρ corr µν . From this set, we obtain the quasi-particles and their energies etc.
However, since this set ∂ tρ corr µν ≈ f 2 (ρ 0 ν ,ρ corr µν , 0) of equations is linear inρ corr µν , it does not describe interactions between the quasi-particles and hence we do not obtain a Boltzmann collision term to first order in 1/Z. To this end, we have to go to higher orders in 1/Z and study the impact of the three-point correlatorsρ corr µνσ in (8) . However, as one might already expect from the above derivation for weak interactions, it is not sufficient to truncate the set of equations (7)-(10) at this stage -we have to include the four-point correlators in order to derive the Boltzmann equation (see below).
To be consistent, one should also include the backreaction of the quasi-particle fluctuations onto the mean fieldρ µ , which can be derived by inserting the solution forρ corr µν back into equation (7) . However, this will not change our main results significantly and we omit backreaction in the following.
Homogeneous Background As explained above, the starting point of the hierarchy is the on-site density ma-trixρ µ or its zeroth-order (mean-field) approximationρ 0 µ . Assuming a spatially homogeneous state at half filling, we get the simple solution of equation (7) ρ
Due to the assumed spatial homogeneity and particle number conservation, this solution is actually unique and hence there is no back-reactionρ µ =ρ 0 µ . As in Eq. (2), the distribution functions f k are given by the relevant two-point correlations ĉ † µĉν corr via
Then, equation (8) implies
where the g qk denote the Fourier components of the relevant three-point correlations
The time-derivatives of the three-point correlators can be obtained from (9) and have a form similar to (3)
but, in contrast to (3), the source term S Finally, their time-derivative reads according to (10)
where the source term S
kpq contains products of twopoint correlators, somewhat similar to (3). Now we may integrate the evolution equations (15) and (17) in the same way as in (4), which yields a double time integral. In order to approximate this integral, we again use the Markov approximation: Since the two-point correlations ĉ † µĉν corr scale with 1/Z but the three-point correlators n αĉ † βĉ γ corr scale with 1/Z 2 , the distribution functions f k are slowly varying according to (13) , because the right-hand side is suppressed by an additional factor of 1/Z. (To first order in 1/Z, the distribution functions f k are constant.) In contrast, the Fourier components of the three-point g qk and four-point h kpq contributions are rapidly oscillating with the frequencies Ω qk = J q −J k as well as Ω kpq = J k − J p + J q − J k+p+q according to Eqs. (15) and (17) . Using this this separation of time scales, the double time integral can be evaluated within Markov approximation in analogy to (5) by simplifying the integrand according to f k (t) ≈ f k (t ) etc.
Inserting this solution of the double time integral back into Eq. (13), we obtain a Boltzmann equation which has exactly the same form as in (6) . This is perhaps not too surprising since we did not assume that the interactions V µν are strong. In fact, the on-site state (11) could represent free (or weakly interacting) fermions in their ground state (or in a thermal state). As a crucial difference, however, the above derivation of the Boltzmann equation is based on an expansion into powers of 1/Z instead of V µν . Thus, the above 1/Z-derivation can also be applied to the strongly interacting case.
Charge Density Wave Let us now consider the limit of strong interactions V µν . Assuming a bi-partite lattice at half filling, the ground state is a Mott-type insulator [39] since the fermions mainly occupy one sub-lattice and tunneling to the other sub-lattice is suppressed by the repulsion V µν . Thus, we start with the mean-field ansatẑ
where A and B denote the two sub-lattices. In a square lattice, for example, the fermions would form a checkerboard pattern, see Fig. 1 .
In this case, the correlations ĉ † µĉν corr depend on the sub-lattices which µ and ν belong to. In the following, we denote these sub-lattices by calligraphic superscripts, e.g., for µ ∈ A and ν ∈ B, the expectation value ĉ † µĉν is given by the Fourier transform of f AB k etc. The on-site equation (7) then determines the back-reaction of the correlations onto the mean field via
, but we shall not consider this small correction in the following.
Since we have four functions f AA k , f AB k , f BA k , and f BB k , we denote the two sub-lattices by capital superscripts such as X ∈ {A, B}. Then Eq. (8) becomes
whereX denotes the sub-lattice opposite to X, i.e., if X = A thenX = B and vice versa. Furthermore, V A denotes interaction energy associated to sub-lattice A, i.e., V A = α V αβ n α /Z = V n α for any α ∈ A. Again, the source terms S XY k also contain three-point correlations.
Before contunuing, let us diagonalize the above linear set of equations (with source terms S XY k ) because the f XY k are rapidly oscillating instead of slowly varying. This can be achieved via a rotation in the X-Y -sub-space with an orthogonal 2 × 2 transformation matrix O a X (k) via f ab
In terms of the rotated functions f ab k , the evolution equation (19) simplifies
with the quasi-particle (a = +) and hole (a = −) energies
where we have used V A +V B = V due to n A + n B = 1. This formula is very reminiscent of the Fermi-Hubbard model in the Mott insulator phase [51] . Apart from the gap V A − V B which is basically the repulsion energy, the quadratic dependence on the hopping J 2 k indicates that (quasi) particles and holes can only move via secondorder tunneling processes such as co-tunneling, cf. Fig. 1 .
We see that the functions f ab k in (20) are rapidly oscillating for a = b but slowly varying for a = b. Hence the latter two are the quasi-particle (a = b = +) and hole (a = b = −) distribution functions, which we denote by f + k and f − k , respectively. Their dynamics can be derived in complete analogy to the previous case, cf. Eqs. (13)- (17) , the only differences are the additional particle/hole indices on the correlation functions f ab k , g abc qk , and h abcd kpq , as well as the source terms S ab k , S abc qk , and S abcd kpq . Apart from these additional indices, the derivation of the Boltzmann equation is completely analogous to the previous case, where we finally arrive at (see supplemental)
The matrix elements M abcd p+q,p,k−q,k contain different processes, such as collision of two quasi-particles M ++++ p+q,p,k−q,k or two holes M −−−− p+q,p,k−q,k , but also paircreation processes, e.g., with one incoming quasi-particle and two outgoing particles plus one hole, as long as they are allowed by energy conservation -which is enforced by the second line of (22) .
In order to simplify the complcated expressions of the various matrix elements M abcd p+q,p,k−q,k , let us consider the strongly interacting limit V k J k . In this regime, pair-creation processes are not allowed due to energy conservation. Furthermore, collisions between two quasi-particles or two holes are suppressed and collisions between one particle and one hole dominate, e.g.,
FIG. 1. Sketch of a square lattice with a checker-board pattern as an example for a charge-density wave state (left) with a quasi-particle (middle) and hole (right) excitation.
In this limit of strong interactions, the scattering cross section only depends on the momentum transfer q. The absence of the other term V q V k−p−q in Eq. (6) can be explained by the fact that quasi-particles and holes effectively behave as distinguishable particles and thus interference terms between processes with exchanged collision partners do not occur (see supplemental). Quite intuitively, the suppression of particle-particle (or hole-hole) collisions can be understood by the observation that two particles cannot come close enough to interact directly (same for two holes), they can only interact via higher-order virtual hopping processes, see Fig. 1 . In contrast, a particle and a hole can occupy neighboring lattice sites and thus they can interact directly via V µν .
As expected, the Boltzmann equation (22) respects the standard conservations laws (e.g., energy, momentum and probability) and satisfies the usual consistency conditions (e.g., the crossing relation). It is also possible to derive an H-theorem with the usual consequences for thermalization etc.
Conclusions For strongly interacting spinless fermions (1) on a general regular bi-partite lattice in higher dimensions, we employ the hierarchy of correlations (7)-(10) in order to derive the quasi-particle f + k and hole f − k excitations, their spectrum (21) as well as their mutual interactions, which allows us to obtain a quantum Boltzmann equation (22) . In the strongcoupling limit, the ground state (at half filling) is given by the charge-density wave state (18) , quite analogous to the Mott insulator phase in the Fermi-Hubbard model. In this limit, we find that collisions between (quasi) particles and holes (23) dominate over particle-particle and hole-hole scattering events. As a result, the relaxation/thermalization dynamics strongly depends on the type of excitation (quasi-particles or holes) and on the initial doping (departure from half-filling) etc.
Note that the quasi-particle f + k and hole f − k excitations obey fermionic statistics, consistent with the structure in Eqs. (22) and (23), e.g., the term (1 − f + k−q ). As another analogy to the weakly interacting limit (6), the quasi-hole distribution function f − k approaches unity in the strongly interacting ground state, i.e., the hole excitations are properly described by 1 − f − k , as in (6) . Acknowledgements Funded by DFG (German Research Foundation), grant 278162697 (SFB 1242).
Supplemental Material for "Boltzmann relaxation dynamics in strongly interacting quantum lattice systems"
CORRELATORS AND DEFINITIONS
Before we present the details of our calculation, we give here the explicit form of the correlation functions and their Fourier representation. For spinless fermions, the Heisenberg equations for the annihilation and creation operators are
Using (24), we can deduce the equation of motion for arbitrary n-point expectation values. Since the hierarchy is based on the correlations among lattice site, we need in addition the relation between n-point correlators and n-point expectation values. In first order 1/Z, we have for µ = ν the two-point correlations
and the particle-number correlations n µnν corr . The latter do not contribute to the Boltzmann collision terms in lowest order and will be omitted in the following. The relevant three-point correlator in second order of the hierarchical expansion is given for α = µ = ν by n αĉ † µĉν
and has the Fourier decomposition n αĉ † µĉν 
HOMOGENEOUS LATTICE
Before we give the derivation of the Boltzmann dynamics for spinless fermions on a charge density wave background in section , we will consider first the simpler case of a homogeneous lattice at half filling. The homogeneity of the fermion distribution enforces time-independence of the on-site occupation number which translates to zeroth-order equation ∂ t n µ = 0. To first order, the two-point correlators remain constant but their equations of motion have a second order term which is determined by the three-point correlators,
or, translated to Fourier space,
From the hierarchy of correlations follows the evolution equation for the three-point correlators which contains the two-point correlator ĉ † µĉν corr and the particle number correlator n µnν corr . As mentioned in the previous section, the latter do not contribute to Boltzmann collisions terms in order 1/Z 3 . We find i∂ t n αĉ † µĉν
with the source terms
and
In (34) we suppressed the particle-number correlations and in (35) we suppressed all terms except the four-point correlators. As will be shown below, these are relevant for the Boltzmann dynamics in leading order. After the Fourier transformation of (33), (34) and (35), we obtain
with
We integrate the evolution equation (36) within the Markov approximation and obtain
The dynamics of the Fourier components is then governed through
After solving (42) within Markov approximation and plugging the result back into (39) , the evolution equation (32) takes the form
After some algebra and using the identity πδ(x) = lim →0 /( 2 + x 2 ), we find in the continuum limit from (44) the Boltzmann dynamics
where we introduced the electron distribution functions f k which are the Fourier components of ĉ † µĉν = ĉ † µĉν corr + δ µν n µ , i.e.
Finally, there are two important remarks: Firstly, the terms which are of order 1/Z 2 in equation (44) are canceled by an term of order 1/Z 3 due to a partial factorization of the four-point correlators in the Markovian limit. Secondly, in the evaluation of (44) all terms which do not contribute to the collision terms cancel each other. In order to see this, it is necessary to include beside the particle-number correlators also the four-point-correlators n αnβĉ † µĉν corr (which were not considered in the calculation above) and several terms which ensure that the correlators vanish identically if two or more lattice sites are equal.
CHARGE-DENSITY WAVE
Single-site evolution. We consider a bi-partite lattice at half filling such that the fermion densities add up to unity, n A + n B = 1. For labeling the sub-lattice we use the capital superscripts such as X ∈ {A, B}. The time-evolution of the on-site occupation number is given by
which translates after a Fourier transformation to
The superscriptX denotes the sub-lattice opposite to X. Particle and hole distribution functions. For the two-point correlations, we generalize the evolution equation (31) for the charge density background and find
where we separated the source terms according to their order in the hierarchical expansion,
The second term in (50) was added such that the evolution equation (49) is also valid for µ = ν and the Fourier summation can be performed over all lattice sites. From (49) we find for the evolution of the Fourier components 
where equation (48) was used. We can rewrite (52) using the variables f XY k = f corr,XY k + δ XY n X which are the Fourier components of the two-site expectation value ĉ † µĉν ,
The relation (53) 
The entries of this matrix are given by For the slowly varying distribution functions f a k , the 1/Z source term in (56) is vanishing. Thus, their time evolution is governed by terms which are at least of order 1/Z 2 :
There are two important identities which are useful for the transformation from the sub-lattice space to the particlehole space. The first one is the inversion of equation (57) f corr,XY
which can be derived from the fact that the off-diagonal correlations approach their prethermalized value to lowest order, i.e. 
The second identity is the eigenvalue equation for rotation matrix J k O X a (k) = (−E a k − VX )OX a (k) . 
